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A New Algorithm for the Estimation of the Frequency
of a Complex Exponential in Additive Gaussian Noise

Sam ReisenfeldViember, IEEEand Elias AboutanigdMlember, IEEE

Abstract—This letter presents a new algorithm for the precise pendent, identically distributed complex Gaussian random vari-

estimation of the frequency of a complex exponential signal in ad- ables with zero mean and variang. It is desired to process
ditive, complex, white Gaussian noise. The discrete Fourier trans- r[n],n = 0,1, ..., N — 1 to obtain an estimate of, where
form (DFT)-based algorithm performs a frequency interpolation . . .

on the results of anIN point complex fast Fourier transform. For fisa flxed_ and unknown parametére [0, f]. The sa_lmpllng
large N and large signal to noise ratio, the frequency estimation frequency id, and7; = 1/ f;. The signal-to-noise ratio (SNR)
error variance obtained is 0.063 dB above the Cramer—Rao Bound. is defined as

The algorithm has low computational complexity and is well suited

for real time applications. SNR = A2/02. )
Index Terms—DPiscrete Fouri_er tr_ansf_orm (DF'I_'), fast Fourier
transform (FFT), frequency estimation, interpolation. Rife and Boorstyn [1] described a technique for the estimation
frequency using the FFT. The frequency corresponding to the
|. INTRODUCTION maximum amplitude FFT coefficient is chosen as a frequency

) ) . quantized approximation to the maximum-likelihood estimate.
HERE has been substantial prior work in the use of the pefine

fast Fourier transform (FFT) to estimate the frequency of

a time sampled complex exponential signal in additive white r[0) Y[0]
Gaussian noise [1]-[4]. This letter presents a new discrete r[1] V1]
Fourier transform (DFT)-based method to obtain a very accu- r= . and Y =

rate frequency estimate [5]. In particular, the coarse estimate .

is the frequency corresponding to the maximum amplitude r[N —1] YN -1]

FFT coefficient. Recursion can be done either by frequency ) _
translating the signal or frequency modifying DFT coefficientd/here.Y = FFT(r) andFFT(.) is the N point complex FFT
Frequency modifying the DFT coefficients is suggested in [73P€rator. Following Rife and Boorstyn [1], a coarse frequency
A frequency error function is defined in terms of two modifieStimatefo, may be obtained from,

DFT coefficients. The first interpolated frequency estimate is
the initial frequency estimate plus the output of the frequency I
error function. Two new modified DFT coefficients are then f, = 2max ()
obtained. The second interpolated frequency is then the first N

interpolated frequency plus the output of the frequency errpgsuming that the SNR is sufficiently high, it is highly probable
function. This iterative computation can be continued untihat f ¢ [fo — (fs/2N), £, + (fs/2N)]. This is an above
a fixed point solution is obtained in which the input and thghreshold condition [1]. A fine interpolation may be obtained to
output of the frequency error function are zero. Convergengfiprove the frequency accuracy.

occurs for the third frequency interpolation for the particular

frequency error function considered in this letter. . DET I NTERPOLATION

Emax =max Y [k][: 0 <k < N —1]

Define the modified DFT coefficients asandj as

1\ — Fmax — 1
_ . _ x max 2
a=Y <kmax— 5) = Z r[n]exp <—J27T?’L N > (4)

n=0

Il. COARSE FREQUENCY ESTIMATION

The received signal plus noisdy], is given by
rln] = s[n] +n[n),  forn=0,1,2,...., N—1 (1)

. . . . N-1 1
where s[n] is a complex exponential signal with frequengty _ ) 1\ . kmax—+3
given by s[n] = Ae/?7/Ts andy[n] is a sequence of inde- A=Y Fmaty )= > rinlexp(—j2mn N /) ®)

n=0
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05 V. TRUNCATION OF THE RECURSIONALGORITHM

o4 foo is the implicit solution of,A]ioo(r) = 0. fm+1 is the

03 m + 1th interpolation. In practicefs is sufficiently close to

02 _ . /”F foc to be used as the interpolated frequency estimate. When

01 |(f/(fs/N)) = kmax| > 0.25, f1 will have reasonably large
Afg<_') o : error. However|(f — f1)/(fs/N)| < 0.25 and thereforefs
@ vyill have small error and\ f> will be close to zero. Therefore,

o f3 will be essentially the implicit solution td f.. (r) = 0. The

Bl — - recursion may be truncated to the evaluatiorf-pf

03 A

04 i VI. REDUCTION OF THERMS ERRORUSING RECURSION

| | The rms frequency estimation error due to additive noise,

0.5 i
05 04 03 02 -01 1} 01 0.2 03 04 05 . . .
£ using the proposed frequency discriminant, decreases sharply

e for (f — f)/(fs/N) = 0. Since the iterative solution adaptively
produces a frequency estimate, which is close to this condition,
Fig. 1. Normalized frequency discriminant far = 2 as a function of the recursive use of the discriminant produces a frequency esti-
normalized frequency error. : : :
mate with small rms error. By means of the recursion, the dis-
criminant converges to a minimum rms error condition.

The parametey defines the shape of the frequency discriminant VIl. PERFORMANCE OF THEALGORITHM
function as a function of Using the Taylor series [6], at high signal to noise ratios, the
performance of the algorithm has been shown to be [5],
< ; s f f the algorithm has b h be [5]
f _ max S) /_S
N N ﬂ =
52— N sin® (W)tan (W) (13)
a 4(SNR)m?

The application of the frequency discriminant function with

~v = 2 is investigated in this letter. This function is R
Where,o} is the mean square value Of.. — f)Ts andf is a

Af(r) = 1|82 = |af? f @) uniform random variable in the intervl, f;].
¢ AN 1B + |27 The Cramer—Rao lower bound (CRLB) on the unbiased fre-
guency estimator mean square error [1] is
Fig.1shows\ f,(r)/(fs/N)asafunctionoff /(fs/N)) —kmax
for vy = 2. 9 6
FromFig.1,itisobviousthatfatf/(fs/N)) — kmax| < 0.1, JCRLB = (27)2N(N2 — 1)(SNR) (14)

the discriminant yields a good approximation to the actual
frequency error. This characteristic may be effectively utilizegherefore, the performance of the frequency estimation algo-

through the use of recursion. rithm compared to the CRLB is,
| IY. RE(.JURSIONALGORITHM 20} _ N2(N? — 1) sin® (& ) tan? (5% ) )
The algorithm is defined as OCGRLB 6
i = kr;fax 1. ®) For large SNR and large N
. o2 t
Form =0, 1,2, ..., define lim —2— =10log <—> = 0.0633 dB
02 104 96 '
N1 R CRLB N (16)
_ - ) =
Ay = Z;) r[n] exp(—j?wn(j;s - ﬁ)) (9)
]’\‘,_ . R This limit was also obtained by a different method in [7].
, fm 1
Bm = rln]exp| —j2mn| —/— + — (10)
;::0 i fs 2N VIIl. SIMULATION OF THE PERFORMANCE
Afm(r) = RS |Bm|* = lam|” f (11) The performance of the frequency estimator was obtained by
" 4N |Bml|? + lam|? '* simulation.
Frndt = fm + Afp (). (12) Figs. 2 and 3 show the rms estimation eregy, as a function

R of the SNR in decibels for the cases of a 16-point and a 1024-
The interpolated frequency estimatefis. point FFT, respectively. The results agree with the analysis.
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Fig. 2. The rms frequency estimation error as a function of the SNR Ifig. 3. The rms frequency estimation error as a function of the SNR in
decibels. Results are shown of one, two, and three iterations. The resultsdieibels. Results are shown for one, two, and three iterations. The results are
compared to the CRLB. The FFT lengthis = 16. compared to the CRLB. The FFT lengthis = 1024.
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